Topological Lifshitz phase transition characterizes an abrupt change of the topology of the Fermi surface through a continuous deformation of parameters. Recently, Lifshitz transition has been predicted to separate two types of Weyl points: type-I and type-II (or called structured Weyl points), which has attracted considerable attention in various fields. Although recent experimental investigation has seen a rapid progress on type-II Weyl points, it still remains a significant challenge to observe their characteristic Lifshitz transition. Here, we propose a scheme to realize both type-I and type-II Weyl points in three-dimensional ultracold atomic gases by introducing an experimentally feasible configuration based on current spin-orbit coupling technology. In the resultant Hamiltonian, we find three degenerate points: two Weyl points carrying a Chern number −1 and a four-fold degenerate point carrying a Chern number 2. Remarkably, by continuous tuning of a convenient experimental knob, all these degenerate points can transition from type-I to type-II, thereby providing an ideal platform to study different types of Weyl points and directly probe their Lifshitz phase transition.
I. INTRODUCTION
Distinct from conventional phase transitions driven by spontaneous symmetry breaking, Lifshitz phase transition is driven by an abrupt change of the topology of the Fermi surface [1] . Recently, it has been predicted in three-dimensional (3D) condensed matter materials that type-I Weyl fermions (i.e., Weyl points) [2] [3] [4] [5] can transition to type-II [6] (or called structured Weyl points [7] ) through Lifshitz transition [6, 7] . Although type-I Weyl fermions [8] were initially predicted in particle physics, type-II Weyl fermions may not be allowed to exist there due to Lorentz symmetry, which is absent in condensed matter materials. Such Lifshitz transition is perceived as the change of a type-I Weyl point's single point Fermi surface to a type-II's open Fermi surface consisting of particle and hole pockets along with a touching point [6, 7] . While remarkable experimental and theoretical progress has been reported recently on type-II Weyl semimetals and their properties [6, 7, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] , it remains a significant challenge in solid-state materials to observe the characteristic Lifshitz phase transition between type-I and type-II Weyl points.
Ultracold atomic gases provide an ideal platform to observe the Lifshitz transition because of their high controllability. And recent experiments on one-dimensional and two-dimensional (2D) spin-orbit coupling [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] in ultracold atomic gases have further paved the way for discovering novel topological quantum states [36] [37] [38] . Although type-I and type-II Weyl points were proposed in quasiparticle spectra of spin-orbit coupled Fermi superfluids [7, [39] [40] [41] [42] [43] , realization of such superfluids is still a big challenge with current experimental technol- * Electronic address: yongxuph@umich.edu † Electronic address: lmduan@umich.edu ogy [28, 29, 31, 32] . A more feasible experimental scheme is to realize Weyl points in the single-particle spectra without the need of low-temperature Fermi superfluids. While some proposals have been made concerning type-I Weyl points [44] [45] [46] [47] [48] , the scheme to realize both type-I and type-II Weyl points and their Lifshitz transition in the single-particle spectra of cold atoms is still lacking and highly desired.
In this paper, we propose a novel 3D model to realize both type-I and type-II Weyl points in the singleparticle spectra of cold atoms in 2D optical lattices. In this model, we find two Weyl points carrying a Chern number -1 and a four-fold degenerate point carrying a Chern number 2, protected by 2D pseudo-time-reversal (2D-PTRS), 2D inversion (2D-IS), and combined rotational symmetries. By continuous tuning of a Zeeman field, all these degenerate points can experience the Lifshitz transition from type-I to type-II. Furthermore, we find a laser-atom coupling configuration to implement the model based on the current experimental technology that realizes the required spin-orbit coupling. Due to the controllability of the Zeeman field through continuous tuning of a convenient experimental knob, this system offers a unique opportunity to observe the characteristic topological Lifshitz quantum phase transition between type-I and type-II Weyl points.
II. MODEL HAMILTONIAN
We start by briefly reviewing the concept of type-I and type-II Weyl points that are described by an effective Hamiltonian H W = v 0 k z + µ=x,y,z v µ k µ σ µ [6, 7] , where k µ (σ µ ) denote momenta (Pauli matrices) and v 0 , v µ are real parameters. Its energy spectrum is given by E ± (k) = v 0 k z ± µ=x,y,z v 2 µ k 2 µ with ± labeling particle and hole bands. When |v 0 | < |v z |, the energy of the particle (hole) band is positive (negative), except at the touching point where the energy vanishes. This touching point is dubbed type-I Weyl point. When |v 0 | > |v z |, in certain regions, the energy goes negative for the particle band and positive for the hole band, leading to an open Fermi surface besides a touching point at E ± (k = 0) = 0. This structure is dubbed type-II Weyl point.
To realize both type-I and type-II Weyl points with cold atoms, we consider the following Hamiltonian that describes atoms in 2D optical lattices
where p = −i ∇ is the momentum operator, m is the mass of atoms, V ν (ν = x, y) denote the strength of optical lattices with the period being a ν = π/k Lν along the ν direction, h z is the Zeeman field, σ ν are Pauli matrices for spins, and V SO is a laser-induced spin-orbit coupling term taking the form
with
, Ω SO proportional to the laser strength, and k Lν with ν = x, y, z determined by lasers' wave vector along the ν direction. Later, we will describe the laser configuration that directly realizes the Hamiltonian (1), in particular the spin-orbit coupling term V SO . Employing a unitary transformation with
where k z = p z / ,h z = 2 k Lz k z /(2m) + h z , and the 2D Hamiltonian H 2D in the (x, y) plane is expressed as
To see how the Weyl points emerge in this model, we discretize H 2D and study its physics in the tight-binding model (see Appendix 
where
(ĉ kz ,x,σ ) being the creating (annihilating) operator and x = j x a x e x + j y a y e y ; t ν and t SOν denote the tunneling and spin-orbit coupling strength along the ν direction. Different from the well-known 2D Chern insulator [49, 50] , this Hamiltonian involves the position 
Lz ))] circles denote the position where Weyl points exist in the momentum space. Here, az = π/kLz. (c)(d) Spectra near a type-I and type-II four-fold degenerate point with respect to (kya, kzaz) for kxa = 0 (see the spectra of the continuous model in Appendix A ). In (d), the gray plane (i.e., E = EW with EW being the energy at the degenerate point) intersects both the particle and hole bands in addition to the degenerate point, implying it is type-II. Here, ER = 2 k 2 R /2m with kR being the absolute value of lasers' wave vector. dependent spin-orbit coupling, and we thus need to choose a unit cell consisting of two sites: A and B [as shown in Fig. 1(a) ] and the Hamiltonian in the momentum space in the new basis Ψ(k)
T with Ψ(k) = ( e ikxaxÂ k↑ e ikxaxÂ k↓Bk↑Bk↓ ) reads (6) where h t = 2 ν=x,y t ν cos(k ν a ν ), d x = 2t SOx sin(k x a x ) and d y = −2t SOy sin(k y a y ); τ are Pauli matrices acting on A, B sublattices. In the (k x , k y ) plane,
with T = iτ x σ y K and K being the complex conjugate operator. These two symmetries guarantee that the spectrum in this specific plane (h z = 0) is at least doubly degenerate, implying that the touching point, if exists, is four-fold degenerate. We note that in the continuous model 2D-IS corresponds to I C HI −1 C = H(−r x + π/k Lx , −r y , r z ) = H with the inversion center located at (π/(2k Lx ), 0) and 2D-PTRS corresponds to
Specifically, the eigenvalues of
y , which supports the above symmetry analysis that the energy band at each k is doubly degenerate withouth z . Clearly, when d x = d y = 0 and h t ±h z = 0, there emerge degenerate points. This requires (k x a x , k y a y ) = (0, π) or (0, 0). In the former case, a single degenerate point appears at k
Lz ) if t x = t y (thus h t = 0 at this point) as a result of a combined rotational symmetry (i.e.,
= H where U 4 = S 4 C 4 with S 4 = e iπσz/4 and C 4 being the four-fold rotational operator along z when V x = V y and k Lx = k Ly ) readily achievable in experiments; in this plane, both 2D-PTRS and 2D-IS are preserved and this point's degeneracy is therefore four-fold (also seen from the eigenvalues). The dispersion is linear along all three momenta directions as visually shown in Fig. 1(c) . Compared with a Dirac point in a Hamiltonian with both TRS and IS in 3D [50] , in our case, two similar symmetries (2D-PTRS and 2D-IS) are both respected only in the planeh z = 0. In fact, the four-fold degenerate point can be viewed as consisting of two Weyl points with the same Chern number. To demonstrate this, let us write down the effective Hamiltonian near the point, which, after a unitary transformation, reads
SOx a x , and v y = −2t SOy a y ; τ 0 is a 2 × 2 identity matrix; the momenta q are measured with respect to the degenerate point. It is clear that each spinor corresponds to a Weyl point with the same chirality [51] .
To characterize the topological charge of a degenerate point, we define the first Chern number
where the surface S encloses a considered degenerate point, and
is the Berry curvature [52] for the n-th band with |u n (k) being its wave function. For our parameters, a direct calculation yields C = 2 for the above discussed four-fold degenerate point.
In the latter case where (k
Their degeneracy is double instead of four-fold (owing to the breaking of 2D-PTRS), and their dispersion is also linear in all three momentum directions. Our calculation demonstrates C = −1 for either of them. Due to the existence of the energy 2 k z 2 /(2m), the energy at these two Weyl points is different except when h z = 0. Moreover, while we consider single-particle physics, a crude estimate using mean-field analysis suggests that weak repulsive shortrange interactions may shift the locations of Weyl and four-fold degenerate points along z and cause the transition between the type-I and type-II but not destroy them (see Appendix B). To illustrate that these type-I Weyl and four-fold degenerate points can transition to type-II, we include 2 k 2 z /(2m) and expand the Hamiltonian near such points, e.g., (0, π/a y , k
Lz /(4m) (i.e., |v 0 | > v z ), at certain regions, the energy of both particle bands goes negative while that of both hole bands goes positive [as visually displayed in Fig. 1(d) ], indicating that the four-fold degenerate point becomes type-II. Similarly, the type-I Weyl point at k
Lz /(4m), and the point at k W − becomes type-II when Fig. 2(a) , we map out the phase diagram displaying the following phases: all degenerate points are type-I, all are type-II, and partial type-I and partial type-II. In cold atoms, h z can be easily tuned by changing two-photon detuning to continuously drive the transition among different phases, thereby providing an ideal platform to directly observe the Lifshitz transition.
We now turn to the study of surface states in this system. In Fig. 2 , the energy spectra with respect to k z a z for k y = 0 are plotted: (a) h z = 0 with type-I degenerate points and (b) h z = 0.4E R with a type-II point. It shows that in both cases there emerge surface states (called Fermi arc) connecting the four-fold degenerate point at the center with two other Weyl points on two sides. The spectra in Fig. 2(b) also illustrate the feature of the type-II Weyl point at k z a z /π = −0.62 that all the particle and hole bands near the point at each k z are pos-itive or negative with respect to E W − , the energy at the point.
Apart from the model that we have discussed, if we choose a simplified scheme with M x = sin(k Lx r x )e ikLyry and M y = sin(k Ly r y )e −ikLxrx , we can still obtain both type-I and type-II Weyl points. However, while it still respects 2D-PTRS, it breaks 2D-IS, splitting the four-fold degenerate point into two doubly degenerate ones (see Appendix A). To satisfy these symmetry requirements, we need to add an additional term into the model (6) 
Lz /(4m)), the former (latter) Weyl points become type-II.
III. REALIZATION OF TYPE-II WEYL POINTS
To realize the Hamiltonian (1), we propose an experimental scheme (as shown in Fig. 3 ) that is based on a modification of the experimental configuration in Ref. [33] . We consider two hyperfine states of alkali atoms such as 40 K and 87 Rb and employ two independent Raman processes to create the spin-dependent optical lattices. Each Raman process involves two linearly polarized blue-detuned Raman laser beams with the polarization being along y (parallel to the magnetic field) and x, respectively. Each pair of Raman laser beams is characterized by a pair of Rabi frequencies [Ω 1 = Ω 10 sin(k Lx r x )e −ikLz rz/2 , Ω 2 = Ω 20 cos(k Ly r y )e ikLz rz/2 ] and [Ω ′ 1 = Ω 10 sin(k Ly r y )e −ikLz rz/2 , Ω ′ 2 = iΩ 20 cos(k Lx r x )e ikLz rz/2 ], respectively. They form a standing wave along x or y but remain a plane wave along z. Since the laser beam Ω ′ 1 (Ω ′ 2 ) is obtained by reflecting the beam Ω 1 (Ω 2 ) by mirrors, they possess the same frequency ω 1 (ω 2 ), and no phase locking is required [53, 54] . The laser beam Ω 2 with a different frequency ω 2 is generated by applying an acoustic-optical modulator on a beam split from the first laser beam. Each pair of Raman laser beams couple two hyperfine states independently, leading to the spin-orbit coupling term V SO with Ω SO = Ω * 10 Ω 20 /∆ e . Moreover, owing to the stark effects, these lasers also create optical lattices along the x and y directions: V x sin 2 (k Lx r x ) and V y sin 2 (k Ly r y ) with V x = V y = 2(|Ω 10 | 2 − |Ω 20 | 2 )/∆ e . The Zeeman field h z is generated by the two-photon detuning δ through h z = δ/2 as shown in Fig. 3 . In comparison, a similar laser configuration can also realize the simplified spin-orbit coupling scheme that we mentioned before. In this case, we further simplify the laser configuration [as shown in Fig. 3(c) [28] , the recoil energy E R / = 2π × 8.5 kHz. If we choose a geometry with k Lx = k Ly = k R sin θ and k Lz = 2k R cos θ with θ = 60
• (the angle between laser beams and z axis), Ω 10 = 2π × 0.15 GHz, Ω 20 = Ω 10 /3, we have V x = V y = 3.7E R and Ω SO = 0.7E R . With these experimental parameters, the tight-binding parameters are t x = t y = 0.058E R , and t SOx = −t SOy = 0.028E R . δ can be readily tuned from zero and when δ crosses 0.53E R , we will observe a Lifshitz-type quantum phase transition from type-I to type-II Weyl points.
To detect the Weyl points of fermionic atoms and their Lifshitz phase transition, one can measure their linear spectra along all three momenta directions by momentum resolved radio-frequency spectroscopy, which has been utilized for observation of a 2D Dirac cone in spin-orbitcoupled atomic gases [31, 32] . The Lifshitz transition is directly reflected by a sharp change of the dispersion of particle or hole bands along k z near a Weyl point so that the slopes of their spectra have the same sign. For bosonic atoms such as 87 Rb, although the Fermi surface does not exist, there is still the band structure with a touching point. One may consider driving a BEC across a Weyl point by a constant force F and measuring the Landau-Zener tunneling probability [48, [55] [56] [57] , which is P LZ = e −πE 2 g /(4vF ) with E g being the gap between the considered particle and hole bands and v being the velocity of the BEC [58] . Therefore, the gap closing at a Weyl point is signalled by a peak of the Landau-Zener tunneling probability. When the BEC bypasses a type-I (type-II) Weyl point, a finite fraction of atoms remains in the hole band and these atoms move in the opposite (same) direction along z compared with those tunneling into a higher band. This different behavior can be uti-lized to measure the Lifshitz transition.
In summary, we have proposed a scheme well based on the current experimental technology to realize both type-I and type-II Weyl points in the single-particle spectra with cold atoms in an optical lattice. The proposed system offers a unique opportunity to observe and study the topological Lifshitz-type quantum phase transition from type-I to type-II Weyl points by continuously tuning one of the experimental knobs.
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where r is restricted to the (x, y) plane andψ
annihilating (creating) an atom with spin σ (σ =↑, ↓) located at r. They satisfy the anti-commutation or commutation relation
or bosonic atoms (−), respectively. We expand the field operator using local Wannier functionŝ
where W n,jx,jy is the Wannier function for Ω SO = 0 located at the site (j x , j y ) for the n-th band, andĉ n,jx,jy,σ (ĉ † n,jx,jy,σ ) annihilates (creates) an atom located at the state W n,jx,jy with spin σ. Let us focus on the physics in the lowest band and thus assume n = 1, thereby simplifying the above expression
being the Wannier function along ν. We note that although this is an approximation, it proves to be qualitatively correct and we will verify it by comparing the spectra obtained by solving the continuous model and the tight-binding one. Using this expansion, we obtain the following tight-binding model without V SO
where t ν with ν = x, y denote the hopping amplitudes defined as
We approximately derive the tight-binding term contributed by the spin-dependent lattice as follows
Note that we have added a minus sign in the definition of t SOy in order to write the Hamiltonian in a compact form.
Employing the condition W 
where the last two relations are obtained because sin(k Lν (r ν + a ν )) = − sin(k Lν r ν ) and cos(k Lν (r ν + a ν )) = − cos(k Lν r ν ). Therefore, if we only consider the nearest-neighbor hopping, we obtain the following spin-orbit coupling term of the tight-binding model: 
where in the last step we have recast the Hamiltonian into a compact form by defining t SOν = Ω SO t
jx,jy,σ and x = j x a x e x + j y a y e y . When V x = V y and k Lx = k Ly , t SOx = −t SOy . In 3D, after replacingĉ x,σ withĉ kz ,x,σ and including H t and the Zeeman field term, we obtain H T B in Eq.(5) in the main text. To verify the reliability of the tight-binding model, in Fig. 4 and Fig. 5 , we compare the energy spectra of the tight-binding model with those of the continuous model, which are numerically calculated using Fourier series expansion of a Bloch function. In Fig. 4 (a1) and (b1), we present the spectra of the continuous model, which qualitatively agree with their tight-binding counterparts in Fig. 1(c) and (d) of the main text. To see their difference more quantitatively, we plot their spectra around a degenerate point with respect to k z and k y in Fig. 4(a2,b2) and (a3,b3), respectively, illustrating excellent agreement between these two approaches in the vicinity of a degenerate point; this implies that the tight-binding model can well characterize these degenerate points. As momenta move far away from these points, there appears a slight discrepancy, which might be reduced when the next-nearest-neighbor hopping is included. In Fig. 5(a1-a2) , we further compare their spectra in the (k x , k y ) plane; the doubly degenerate spectra in Fig. 5(a) and those in Fig. 5(b) are in qualitative agreement with each other and both exhibit a four-fold degenerate point. In addition, a more quantitative comparison in Fig. 5(a3) and (a4) demonstrates the reliability of the tight-binding model.
For the simplified model with M x = sin(k Lx r x )e ikLyry and M y = sin(k Ly r y )e −ikLxrx , it breaks 2D-IS but still respects 2D-PTRS and therefore in the tight-binding model we need to add an additional term τ z (α 1 σ y −α 2 σ x ) that preserves 2D-PTRS but lacks 2D-IS. When V x = V y and k Lx = k Ly , we have α 1 = α 2 = α because the 2D continuous Hamiltonian respects a Π C symmetry, i.e., Π C H 2D Π T B ≡ H T B (h z = 0)] with Π = (σ x − σ y )/ √ 2, indicating that the additional term must take the form of σ x − σ y . In Fig. 5(b1-b2) , we plot the spectra of the continuous and tight-binding models and both figures illustrate that a four-fold degenerate touching point splits into two doubly degenerate ones. Our further comparison around a touching point in Fig. 5(b3-b4) shows the quantitative agreement of the latter with the former.
Appendix B: ANALYSIS OF MANY-BODY EFFECTS
In this section, we make a crude estimate of manybody effects on the degenerate points in the presence of weak repulsive atom-atom interactions for fermionic atoms. For alkali atoms, the interaction readily tuned by Feshbach resonances is short-range and can be written as
